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Abstract. Transformation optics offers a procedure to design the structures of 
metamaterials to find the material parameters needed in various applications. However, a 
methodology of a transformation optics is too complicated. To help users who are 
beginning to study metamaterials and transformation optics, a transformation optical user-
friendly interface is developed. The interface is implemented based on the free-form touch 
transformation. It displays the starting space as a Cartesian grid. As the user touches and 
moves, the space transforms according to the direction and the intensity of the touch 
without inputting any equations. By combining various transformation templates, a fully 
arbitrary transformation can be realized. Transformation templates are created by basic 
functions such as the ring transformation in the invisibility cloak or the morphing of a half 
circle into a rectangle in the superlens. The interface provides both the input methods as 
well as the real-time visualization of the space making it easy and intuitive to design a 
metamaterial using the transformation optics. The program uses model-view-controller 
architecture. The connections of each class are presented in a diagram. Three examples 
from the touch interface are verified by the FDFD simulation. 
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1. Introduction 
 
A metamaterial is a material engineered to have a property that is not found in naturally occurring materials. 
They are made from assemblies of multiple elements fashioned from composite materials such as metals or 
plastics. The materials are usually arranged in repeating patterns, at scales that are smaller than the 
wavelengths of the phenomena they influence. Metamaterials derive their properties not from the 
properties of the base materials, but from their newly designed structures. Their precise shape, geometry, 
size, orientation and arrangement gives them their smart properties capable of manipulating 
electromagnetic waves: by blocking, absorbing, enhancing, or bending waves, to achieve benefits that go 
beyond what is possible with conventional materials. Appropriately designed metamaterials can affect 
waves of electromagnetic radiation and has led to breakthrough devices with capabilities from super-
resolution imaging to invisibility. For examples, metamaterials have nanostructured media with hyperbolic 
dispersion for practical applications from subwavelength resolution imaging in the near and far field [1-5], 
negative refraction [6-8], invisibility devices [9] and perfect absorbers [10], to nonlinear switching [11]. 
Metamaterials with microscopic structures are also proposed for applications of the transmission line and 
microwave [12] such as the ultra wideband antenna [13-18], the leaky-wave antenna [19, 20], the resonator 
[21], the dual-band RFID antenna [22], the coupled-line phaser [23], the magnetless nonreciprocal 
gyroscopic metasurface [24]. Furthermore, metamaterials are used for an acoustic transformation media 
[25], or a two-layered isotropic thermal media [26] in a manner not observed in the bulk materials. 
However, appropriately designed structures of metamaterials are conventionally complicated to be 
designed and optimized as outlined by Veselago et al. [27] and Li et al. [28]. Recently, transformation optics 
(TO) offers a great procedure to design the structures of metamaterials to find the material parameters 
needed in various applications, especially to design the anisotropic media. Anisotropic media exhibit 
interesting optical properties and are used to create optical devices such as the invisibility cloak [9], the 
superlens and the waveguide bend [29, 30]. 
The transformation optics theory which starts from the designing of the EM field pattern rather than 
the trial and error of material parameters tremendously assists in the metamaterial design process. By 
transforming the geometry of the empty virtual space and linking it to the metamaterial-filled physical space, 
ones can find the material parameters from the spatial transformation [31]. The spatial transformation can 
be applied using various method such as a closed-form mathematical function [9, 29-31], a solution from 
differential equation with boundary conditions [32-35], resulting in a well-defined virtual space. The well-
known applications of the methods are the invisibility cloak by Pendry et al. [9] and Schurig et al [36] and the 
wave collimator by Kwon and Werner [37]. However, in these cases, transformations were described by the 
closed-form expressions, which were derived from an analytical approach. This approach, while perfectly 
describing the transformed coordinates, relies on the intuition and the careful analysis of the target 
application. An expression might not be able to describe every arbitrary transformation. To overcome this, 
Laplace’s equation [38, 39], Poisson’s equation [40], and the Helmholtz’s equation [41] are proposed to 
solve for the arbitrary transformation according to the boundary conditions. Furthermore, in these works, a 
commercial finite element software was used to simulate the resulting material. Recently, a full numerical 
toolchain was developed by Berry et al. [42]. This tool adapts the discrete nature of the anisotropic finite-
difference frequency-domain (AFDFD) method [43, 44] into the solving of Laplace’s equation. The 
resulting material parameters can also be exported and used in other solvers. However, these methods rely 
on knowing the boundary conditions of space to solve for the curvature of space between the boundaries. 
Another method of designing an optical device is to combine the geometrical optics with the 
transformation optics [45]. This method utilizes the well-known properties of the conventional geometrical 
devices for creating a more enriching optical design. However, the design process is complicated which may 
be daunting to some. 
To help users who do not have extensive knowledge of transformation optics but want to use the 
transformation optical methods to design metamaterials for applications, in this paper, we propose user-
friendly interface with transformation optics for designing the free-form user interface with a touch 
interface. The objective is to allow users to easily design a transformation without knowing the underlining 
transformation function.  The program uses the model-view-controller architecture. The model class 
represents the working space and contains methods for the spatial transformations and the calculation of 
material parameters. The view class provides the visualization of the space, and the user interfaces for 
adjusting the transformation parameters. The controller class communicates between the view and the 
model by passing the transformation from the view to the model and sending the transformed space back 
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to the view. The resulting material parameters are imported into the FDFD program for verification [43, 
44]. The program can be extended by providing the mathematical functions to the model and the user 
interfaces to the view. Three examples of spatial transformations are provided to verify the software. 
 
2. Program Architecture 
 
The program is developed on the iOS platform using Swift programming language. The advantages of this 
platform are the wide-variety user interfaces available for creating a program and the intuitive touch 
interfaces for interacting with the space. The program utilizes the model-view-controller architecture. The 
model handles the logic and the calculation of the program. The view contains the user interface for user 
input and visualization. The controller handles the communication between the model and the user 
interface. 
 
2.1. Model 
 
From the theory of transformation optics, the effect of material on the propagation of electromagnetic 
wave is the same as the effect of the geometry of the space that the wave travels on [31]. In a real world, the 
space is Euclidean which means the unit distances in all direction have the same effective length. We 
represent the Euclidean space by a Cartesian grid as shown in Fig. 1. 
 
 
 
Fig. 1. The starting Euclidean space represented by a Cartesian grid. The positions of the grid points 
change according to the transformation applied. These changes can be converted into the material 
parameters. 
 
The positions of the grid points are stored in an array P with the first index corresponds to the x 
position and the second index corresponds to the y position. When the transformation is applied, the 
points shift according to the user input. The new transformed space represented by an arbitrary grid is 
shown in Fig. 2. 
Each transformation has different characteristics but we can categorize them into two groups. The first 
group is the in-place transformation where the transformation is applied directly to the current space thus 
creating no new space as shown in Fig. 2. The second group is the embedded transformation where a new 
curved space replaces a portion of the current space as shown in Fig. 3. 
To differentiate between the applicable points and the discarded points, we create a Boolean array 
point_is_used which is reassigned every time a new space is created. The program also requires a space 
array to store all spaces created during the process. This can be done by storing instances of spaces 
sequentially and combining them during the visualization. The space array is stored in the master controller. 
Therefore, it can be accessed by any view controller. The mechanism of the in-place transformation and the 
embedded transformation are shown in Fig. 4 and Fig. 5 respectively. 
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Fig. 2. An example of a transformed space represented by a curve grid. This is an in-place transformation. 
The space, including all electromagnetic waves that travel through that region of space, is shifted. Therefore, 
the apparent paths of the waves are along the curve grid. 
 
 
 
Fig. 3. A superlens space is embedded into the current space. The embedded transformation is analogous 
to the placement of a lens in the traditional optical system. 
 
 
 
Fig. 4. The in-place transformation. The space is transformed resulting in the new grid positions. No new 
space is created. 
 
 
 
Fig. 5. The embedded transformation. A new space replaces an area in the current space. The Boolean 
point_is_used is updated. 
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The steps of applying the transformation are as followed. Each transformation acts on a finite region in 
space. Therefore, the first step is to get only the points within that region. This can be done by looping 
over all points in all spaces and selecting only the points that are applicable. Then the transformation 
function will move the points accordingly. This can be done simply by looping over all points. To fine-tune 
the transformation, one can specify the exact value of the transformation parameters. Multiple 
transformations can be applied until the desire geometry has reached.  The last step is to calculate the 
material parameters from the grid points with the following equations [46]. 
 
𝜀′ = 𝜇′ = 𝐺−1[𝑑𝑒𝑡(𝐺−1)]−
1
2        (1) 
 
 where 𝜀′, 𝜇′ are the relative permittivity and permeability of physical space respectively, 𝐺−1  is the 
inverse metric tensor which can be calculated from the point coordinates with the following equations [46]. 
 
𝐺−1 = [
𝑔11 𝑔12
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where 𝑝1, 𝑝2 are the first and second coordinates of the points. Finally, the model exports the resulting 
metric tensor, x position, y position and the point_is_used to the simulation program for verification. 
 
2.2. View 
 
The view class contains the user interface for designing and visualizing the space. The view hierarchy is 
shown in Fig. 6. The root view has a tab bar which connects to the main view, the transform collection 
view and the embedded collection view. Both collection views show the available templates. Clicking on 
any template brings up the corresponding customization view. The customization view displays the current 
space with the outline of a new transformation to be applied. 
As an example, the ring customization view is the view for designing the invisibility cloak by radially 
pushing the space outward from a single point. This creates a new space in the inner circle which an 
electromagnetic wave cannot propagate through but rather propagate around. The view contains sliders and 
text fields for the radius ratio, the outer radius, the x position and the y position as shown in Fig. 7. As the 
parameters are adjusted, the grid lines change to visualize the new space. For a high smoothness of the 
transformation animation, only the points at grid lines are transformed during the customization process. 
Clicking the apply button will transform all points in space. 
For an embedded transformation, we use a superlens as an example. A superlens is originally a half-
circle Euclidean space as shown in Fig. 8a which will be transformed into a non-Euclidean space as shown 
in Fig. 8b. A line source situated at the center of this half-circle will generate a cylindrical wave which has its 
wavefront parallel to the circular edge as shown in Fig. 9a. The transformation changes this circular edge 
into a straight edge as shown in Fig. 9b. The wavefront will still be parallel to the edge. Thus, the wave 
propagated from this new rectangular non-Euclidean space will be a plane wave. The superlens 
customization view provides the sliders to adjust the thickness, radius, and position of the superlens. There 
is also a progress slider to show the gradual transformation of the virtual half-circle space into the physical 
rectangle space. 
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Fig. 6. The view hierarchy of the program. The root view has a tab bar which connects to the main view, 
the transform collection view and the embedded collection view. Selecting any template will bring up the 
customization view for fine-tuning the transformation. After applying the transformation, the main view 
will redraw the current combined space. 
 
 
 
 
Fig. 7. The ring customization view. A user can adjust the radius ratio, the outer radius, the x position and 
the y position. As the user moves the slider or types in a number, the view will redraw the space for a real-
time visualization. Clicking apply will confirm the change. 
 
 
Root view
Main view Transform collection Embedded collection
Transform View Embedded View
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Fig. 8. The superlens customization view in a Cartesian grid. (a) The starting space is a half-circle 
Euclidean space. (b) The resulting space is the original half-circle space which has been compressed around 
the center and stretched at both edges.  
 
These two examples demonstrate the ease of customization and visualization of the transformed space. 
There is no transformation function for users to write nor the imagining of the resulting space. The 
transformation optics is implemented visually and intuitively. 
 
 
 
Fig. 9. The superlens customization view in a polar grid. (a) The starting space is a half-circle Euclidean 
space where the electromagnetic wave propagates radially from the center of the half circle. The wavefront 
is parallel to the circular edge. (b) The resulting space is the original half-circle space which has been 
compressed around the center and stretched at both edges. The wavefront is still parallel to the edge 
resulting in a plane wave. 
 
 
2.3. Controller 
 
The controller connects the space model to the view so that they are independent of each other. The 
architecture of the entire program is shown in Fig. 10. The main view is connected to the master controller. 
After the program launches, the master controller initializes the space array which contains one Cartesian 
space initially. Once user chooses the customization view, the corresponding view controller is loaded. 
View controller will receive the inputs through text fields, sliders or touch events and send them to the 
space model to transform. The model will update its temporary grid and the point_is_used Boolean and 
draw a new grid path. Clicking on the apply button will transform the rest of the points. More 
transformations can be added in the same way. The export button will trigger the model to calculate the 
metric tensor and write it along with the positions and the Boolean of each metric to a file. The master 
controller stores the space array which can be accessed by any view controller. It also handles the addition 
(a) (b) 
(a) (b) 
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of space into the array as explained in Section 2.1. The design program outputs the space description in the 
form of the metric. The next step is to import the metric into the simulation program to verify the result. 
 
2.4. FDFD Simulation 
 
The metric tensor from the design program will be converted to the material parameters as explained in 
Section 2.1. Using the material parameters, we solve the Maxwell’s equations for the resulting EM field 
pattern. The numerical method used is the Finite-Difference Frequency-Domain (FDFD) method [43, 44]. 
The reasoning for choosing FDFD over Finite Element Method (FEM) is the meshing. FEM utilizes a 
triangular mesh which is more complicated to implement than the uniform rectangular grid of FDFD. In 
addition, the result from the design program is already in a rectangular grid, albeit slightly curved. Therefore, 
we interpolate the material parameters into a Cartesian grid before assigning them to the FDFD grid. The 
results from the simulation will be compared to the designs from the design program. In the next section, 
three examples are given to verify the program. 
 
 
 
 
Fig. 10. The program architecture showing the views, the controllers and the model. The symbol (P) means 
a property and (M) means a method. The program starts at the main view which has a tab bar to change to 
the transform customization view. The transform 1 view sends the input to its view controller and receives 
a new space to draw. The view controller asks the space model to perform all calculations making it easy to 
update the model. If a new space is embedded into the current space, it will be added to the space array. 
Once the user finishes the design and clicks the export button, the master controller asks the space model 
to calculate the metric tensor. The master controller exports the metric tensor along with the position x, y 
and the Boolean point_is_used to the FDFD simulation program. Finally, the resulting electromagnetic 
field pattern is compared to the design in the main view for verification. 
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3. Transformation Examples 
 
3.1. Touch Transformation 
 
The first example is the touch transformation in which the space is elastically pulled with a touch gesture 
[46] as shown in Fig. 11. Originally, a plane wave propagating in the x direction will keep propagating in a 
straight line. The wavefront is parallel to the vertical lines. Once the touch transformation is applied, the 
grid becomes curved. The wavefront is also curved in the same manner. The design program then generates 
the material parameters as shown in Fig. 12. The material parameters are used in the FDFD algorithm to 
find the resulting EM field pattern which is overlaid in Fig. 11. The simulation result matches the design. 
 
 
 
Fig. 11. The touch transformation example. A plane wave is traveling in the positive x direction. The 
wavefront matches with the curved grid from the touch transformation. The distance is in a unit 
wavelength. 
 
 
 
Fig. 12. The material parameters from a touch transformation. The relative permeability tensor 𝜇 is the 
same as the relative permittivity tensor 𝜀. 
 
3.2. Ring Transformation 
 
The ring transformation expands a center point into an inner circle [36]. All points are pushed radially into 
the ring region as shown in Fig. 13. In this example, the outer radius is 2, the radius ratio is 0.3 making the 
inner radius equal to 0.6. The center is at (2.5, 2.5). The distance is in a unit wavelength. The incident wave 
is a plane wave propagating in the x direction. The wave inside the invisibility cloak will propagate in the 
direction of the horizontal line, that is, the wave is propagating around the inner circle. The wavefronts will 
be the same as the curved vertical lines. The material parameters from the design program are shown in Fig. 
14. The resulting EM field pattern is overlaid in Fig. 13. The simulation shows that the wave will propagate 
around the inner region as designed.  
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3.3. Superlens transformation 
 
The superlens transforms a cylindrical wave into a plane wave [29] as explained in Section 2.2. In this 
example, the incident wave is the cylindrical wave centered at the center of the half-circle space (0, -0.3). 
The half circle has a radius of 3 and an offset of 0.3. The resulting superlens has a thickness of 1.5. The 
distance is in a unit wavelength. The superlens is embedded in the Euclidean space as shown in Fig. 15. The 
superlens space is compressed vertically at the center and gradually expanded as we move further 
horizontally from the center. At the edge of the superlens, the space is greatly expanded as evident by the 
grid line in Fig. 15. The material parameters from the design program are shown in Fig. 16. The simulation 
result shows the transformation of the cylindrical wave into the plane wave which corresponds to the 
design of the superlens. 
 
 
 
 
Fig. 13. The ring transformation example. A plane wave is traveling in the positive x direction. The 
wavefront matches with the curved grid from the ring transformation. The wave propagates around the 
inner circle rendering the object inside invisible. The distance is in a unit wavelength. 
 
 
 
Fig. 14. The material parameters from a ring transformation. The relative permeability tensor 𝜇 is the same 
as the relative permittivity tensor 𝜀. 
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Fig. 15. The superlens transformation example. A line source is located at (0, -0.3). The cylindrical wave 
enters the superlens at y = 0 and gradually transforms into a plane wave and exits the superlens at y = 1.5. 
The distance is in a unit wavelength. 
 
 
 
Fig. 16. The material parameters from a superlens transformation. The relative permeability tensor 𝜇 is the 
same as the relative permittivity tensor 𝜀. 
 
To add more transformation templates, user can add transformation functions to the space model and 
create the corresponding customization views and view controllers.  
 
4. Conclusion 
 
A program with touch interface is developed for designing metamaterial using transformation optics with 
an arbitrary spatial transformation. It uses a model-view-controller architecture which is easily expandable. 
The program implementation is discussed in great details. Each transformation has a corresponding view 
for customization and a transformation function in the model. The touch interface allows for an intuitive 
application of the transformation. Transformations are stored in a curved grid and are easily converted to 
the material parameters which can be used to verify the design using FDFD method. Three results from the 
FDFD simulation verify the correctness of the program. 
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